The E1 response in 208 Pb is studied within a microscopic multiphonon approach which solves the nuclear eigenvalue problem in a basis of microscopic multiphonon states generated iteratively starting from the TammDancoff phonons. Attention is focused on the low-energy excitations below the giant dipole resonance peak.
I. INTRODUCTION
In recent years, several experimental and theoretical investigations focused on the electric dipole excitations occurring in neutron rich nuclei around the neutron emission threshold in the low-energy tail of the dipole giant resonance (GDR) [1] . These excitations are interpreted as a manifestation of a collective mode termed pygmy dipole resonance (PDR) generated by a translational oscillation of the neutron excess against a N = Z core. This mode gives therefore information on the formation and thickness of the neutron skin in nuclei [2] and may put constraints on the symmetry energy and neutron skin [3] . All these issues are relevant to the determination of the properties of the crust of neutron stars [4] .
A first experimental evidence of the PDR was gained in neutron rich oxygen isotopes [5] . Since then, it was observed in neutron rich nuclei away from the stability line [6] [7] [8] as well as in stable nuclei belonging to different regions of the periodic chart [9] [10] [11] [12] [13] [14] [15] . Among the stable nuclei, 208 Pb has attracted special attention. The E1 strength distribution was measured in (γ, γ ) experiments [9] [10] [11] , which have provided precious information on the fine structure of the PDR up to the neutron threshold.
More recently, a polarized proton inelastic scattering experiment has produced data of the same quality of (γ, γ ) experiments and, in addition, has provided new information in the region around the neutron emission threshold where (γ, γ ) experiments have limited accuracy [14, 15] . From the data of this experiment it was possible to extract the electric dipole polarizability and then determine the neutron skin and proton-neutron symmetry energy.
The data were analyzed with the help of the shell model (SM) [11, 16] , the quasiparticle phonon model (QPM) [9] , and the relativistic time blocking approximation (RTBA) [17] . The last two approaches are extensions of the quasiparticle random-phase approximation (QRPA). Going beyond QRPA is necessary since other excitation modes may contribute to the E1 transitions falling in the energy region of the PDR. The RTBA [17] [18] [19] is based on a modern version of the Landau-Migdal theory [20, 21] and treats consistently the quasiparticle-phonon coupling by choosing selectively the two-phonon states to be coupled to the QRPA phonons. The QPM [22] relies on a separable Hamiltonian and is able to enlarge the phonon basis so as to include a selected fraction of three-phonon states. It was adopted for systematic studies of PDR in different nuclei [23, 24] .
Recently, we developed [25] a new version of an equation of motion phonon method (EMPM) [26, 27] which generates iteratively a multiphonon basis built of phonons obtained in the Tamm-Dancoff approximation (TDA) and solves the eigenvalue problem in such a basis. The EMPM adopts a Hamiltonian of general type and treats on the same footing the one-phonon state as well as multiphonon states with any number of phonons. Moreover, it takes the correlations of the ground state explicitly into account just as in shell model.
The method is actually equivalent to the shell model in the sense that it does not rely on any approximation except for the truncation of the basis. With respect to SM, it adopts a correlated basis and, therefore, allows one to incorporate high-energy configurations into the phonons while remaining within a multiphonon space of relatively small dimensions. Moreover, it yields at once and explicitly the totality of the eigenstates.
The EMPM has been applied so far only to the light 16 O. Here we extend the method to the heavy 208 Pb and study the E1 response of this nucleus.
II. BRIEF OUTLINE OF THE METHOD
We start with a Hamiltonian
In the coupled j − j scheme the one-and two-body pieces assume the second quantized form
where 
where
and W (rsqt; σ ) are Racah coefficients. The primary goal of the method is to generate a basis of n-phonon states |n; β so composed
where the TDA particle-hole (ph) phonon operator
acts on the (n − 1)-phonon states |n − 1, α . The procedure starts with writing the equations of motion
Using the Wigner-Eckart theorem we get
By expanding the commutator and inverting Eq. (8) to express the ph operators present in the expansion in terms of the phonon operators O † λ , we get [25] λ γ
The above amplitudes are related to the expansion coefficients C β λα of the states |n; β [Eq. (7)] by
is the metric matrix.
The matrix A has the simple structure
The phonon-phonon potential is given by
where (17) and
Here it is meant that t = p when (rs) = (hh ) and t = h when (rs) = (pp ).
The n-phonon density matrix is defined as
The formal analogy of the structure of the phonon matrix A β (λα, λ α ) with the form of the TDA matrix A λ (ph; p h ) was pointed out in [25] . Formally, the first is deduced from the second by replacing the ph energies with the sum of phonon energies and the ph interaction with a phonon-phonon interaction.
The subsequent step consists in expressing the X β λα amplitudes in terms of the coefficients C β λα . The outcome is the generalized eigenvalue equation
or, more explicitly,
Recursive formulas hold for all quantities. Thus, the eigenvalue Eq. (21) can be solved iteratively once the TDA phonons are generated. The redundant states are eliminated by the procedure outlined in [26, 27] , based on the Cholesky decomposition method. This method selects a basis of linear independent states O † λ |n − 1; α spanning the physical subspace of the correct dimensions N n < N r and, thus, enables us to construct a N n × N n nonsingular matrix D n . By left multiplication in the N n -dimensional subspace we get from Eq. (20)
This equation determines only the coefficients C
λα of the N n -dimensional physical subspace. The remaining redundant N r − N n coefficients are undetermined and, therefore, can be safely put equal to zero. The eigenvalue problem is thereby solved exactly. A set of orthonormal multiphonon states {|0 , |1, λ , . . . |n, α . . .} is thus generated.
In such a basis, the resulting Hamiltonian has a simple structure and can be easily brought to diagonal form yielding eigenfunctions of the structure
The above formula holds also for the ground state which, therefore, is explicitly correlated. Indeed, our multiphonon 044327-2 eigenvalue problem is equivalent to the shell model and extends RPA without having to rely on the quasiboson approximation.
The eigenstates so obtained may be used to compute the transition amplitudes. In the coupled scheme, the one-body operator has the form
The reduced transition amplitudes are given by
where the matrix elements of M(λ) between multiphonon states are
The first is a scattering term where states with the same number of phonons are coupled through the single-particle transition matrix elements, s|M λ |r , weighted by the particle or hole density matrices. The other two terms contain the TDA transition amplitudes
III. DIPOLE RESPONSE IN 208 Pb
The EMPM just outlined was employed to compute the dipole response in 208 Pb. We used a one-body modified harmonic oscillator Hamiltonian and a Brueckner G matrix [29, 30] derived from the CD-Bonn NN potential [31] . The parameters of the one-body potential, appropriate for the Pb region, were borrowed from Refs. [32, 33] with one modification. We used the valuehω = 7.7 MeV, slightly larger than the canonical valuehω = 41A −1/3 MeV in order to obtain a ph spectrum not too compressed.
The EMPM calculation was performed in a one-+ twophonon space. The constituent TDA phonons of the twophonon states were generated in the ph model space spanned by N = 1 ph configurations constructed by using one major shell above and one below the Fermi surface. For the one-phonon subspace we made two options. We first used the same N = 1 ph configurations (option I). This is equivalent to the mentioned shell model calculation [11, 16] . The differences between the two calculations arise from the use of a different set of single-particle energies and a different two-body potential. We then enlarged the space so as to include up to N = 3 ph configurations above and below the Fermi surface (option II).
The center-of-mass spurious admixtures were removed by the standard prescription [34, 35] of adding to the nuclear Hamiltonian H a harmonic oscillator Hamiltonian in the c.m. coordinates R and P multiplied by a positive constant g.
For the Eλ transitions, we adopted the standard multipole operator
where τ 3 = 1 for neutrons and τ 3 = −1 for protons. In our case, the initial state is the ground state ν i = (g) 0 + . Since we include up to two-phonon states, we have from Eq. (25) f λ M(Eλ)
λ are the components of the vacuum |0 and the TDA states |xλ , respectively, and M[0 + → (xλ)] is the TDA transition amplitude (27) . The other amplitudes are
Here ρ
, α 2 are the the two-phonon density matrices. For the multipolarity J π λ = 1 − considered here, these densities vanish and, therefore, the terms connecting the two-phonon components vanish
In fact, since the TDA phonons building up the two-phonon states are composed of N = 1 ph configurations, all single-particle (|p ) or single-hole (|h ) states are confined within a single major shell. Within such a shell, odd (negative parity) λ multipoles can be obtained only by coupling a normal parity to a spin-orbit intruder particle (or hole) state. Two j configurations of this kind cannot couple to J π λ = 1 − . It follows that the nonvanishing contribution comes only from the transitions M[0 + → (xλ)] and the M α 2 β 1 (λ) connecting the TDA one-phonon states to the vacuum and the two-phonon components of the ground state, respectively.
Once the transition amplitudes are evaluated, it is possible to compute the reduced strengths
044327-3 as well as the strength functions
Here ω is the energy variable, ω ν the energy of the transition of multipolarity Eλ from the ground to the ν th excited state νλ of spin J = λ, and
is a Lorentzian of width , which replaces the δ function as a weight of the reduced strength. The strength function is finally used to evaluate the cross section through the formula
IV. RESULTS AND DISCUSSION
The preliminary observation to be made is that the ground state gets strongly correlated and depressed by E = 9.25 MeV with respect to the TDA vacuum as the two-phonon states are included. These two-phonon states account for 31% of the wave function with respect to the 69% weight of the ph vacuum. The effect of the phonon coupling is not surprising. It is consistent with the EMPM results obtained for 16 O [25] and with the shell model calculations made for 208 Pb [11, 16] . If referred to the energy of the ground state so correlated, the full E1 spectrum would be pushed far up in energy with respect to the TDA spectrum. This is not desirable, since the TDA levels fall in the region of the experimental peaks.
On the other hand, the calculation on the 16 O [25] indicates that the inclusion of the three-phonon states has practically the only effect of pushing the whole E1 spectrum down toward the region of the original TDA peaks. We may expect a similar result for 208 Pb and, therefore, feel somewhat justified in referring the E1 spectrum to the energy of the ph vacuum.
As shown in Fig. 1 , the inclusion of the two-phonon states produces a strong quenching and fragmentation of the E1 strength. From comparing panels (b) and (c) one can immediately infer that the contribution of the transition M α 2 β 1 (λ) from the two-phonon components of the ground state to the TDA phonons of the 1 − states is very small. We may thus conclude that the transition arises almost entirely from the piece coupling the vacuum |0 component of the ground state to the one-phonon components of the 1 − states. When the ph space is enlarged so as to include all configurations up to 3hω (option II), the TDA strength gets strongly damped and redistributed among the levels of the spectrum, as one may deduce from comparing Figs. 1(a) and 2(a). The inclusion of the two-phonon states produces a further dramatic damping and fragmentation together with a reshuffling of the levels in the spectrum [ Fig. 2(b) ].
The appearance of a peak at very low energy in both TDAII and EMPMII spectra is to be noticed. This lowering is induced at the TDA level by the coupling between the 1hω and 3hω ph configurations. This state is practically unaffected by the coupling with the two-phonon states and therefore remains at low energy also in the EMPMII. Figure 3 shows that the redistribution of the strength so obtained improves considerably the agreement with the experimental spectrum [15] , though appreciable differences remain especially at very low energy. The lowest computed level is lower than the experimental one by about 1.5 MeV. Moreover the strength of the second lowest transition is too large. The overall theoretical strength up to 9 MeV is n B n (E1) 3.554 e 2 fm 2 comparable to the measured value n B
(expt) n (E1) 3.196 e 2 fm 2 . It accounts for about 5.6% of the total computed strength.
The coupling to the two-phonon states induces a huge fragmentation also in the GDR region. As shown in Fig. 4 , the number of peaks increases dramatically in going from TDA to EMPM, with consequent quenching of the strengths of the single transitions. These peaks, however, are smoothed out by the Lorentzian of width = 1.0 MeV and, consequently, the fragmentation induced by the coupling is completely hidden. Indeed, as shown in Fig. 5 , the total spread of the E1 cross section appears to be unchanged in going from TDA to EMPM. The only visible effect of the coupling is a severe overall quenching.
Correspondingly, the Thomas-Reiche energy-weighted sum rule (EWSR) is overestimated by a factor ∼ 1.7, in the TDA and by ∼ 1.03 in the EMPM. Thus, the EWSR, which is violated in TDA, as expected, is restored in the EMPM. Indeed, for the latter sum to be fulfilled, it is necessary to take into account the ground state correlations as done in RPA and its extensions. This is just achieved in our EMPM.
Appreciable discrepancies between the computed and the measured cross section in the GDR region are noticeable. They might be due to the modified harmonic oscillator singleparticle spectrum and/or to the absence of more complex configurations like the three-phonon states.
It remains to investigate the nature of the states. The transition density of a low-lying strongly excited 1 − state (Fig. 6) shows a neutron excess for large values of the radial coordinate suggesting the pygmy nature of such a state. We show also for comparison the plot of the transition density for the most strongly excited 1 − state in the region of the GDR. Its behavior clearly suggests the picture underlying such a resonance. One may also notice a severe quenching of both transition density amplitudes, due to the inclusion of the twophonon components, in going from the TDA to the EMPM. We found that not all low-lying states have a pygmy nature. Moreover, in the 7-9 MeV range, the calculation produces plenty of 1 − states having an almost pure two-phonon nature
A very small fraction of them is presented in Table I , where the phonon composition of the lowest twenty 1 − states is shown. A sample of the structure of these two-phonon states is provided by Table II, Table III , these phonons are composed mainly of ph configurations containing spin-orbit intruders.
In the present calculations, however, these two-phonon states cannot be excited from the ground state. In fact, they could be excited only through the M α 2 β 2 (λ) amplitude (31) coupling the two-phonon components of the ground and 1 − states. As pointed out already, these matrix elements vanish due to the restricted N = 1 ph space used to generate the TDA phonons forming the two-phonon states. Only if the 3hω ph configurations are included in these constituent phonons, the mentioned two-phonon states can be excited and, thereby, enhance the density of low-lying E1 peaks.
It is likely, in any case, that the calculation overestimates the number of two-phonon states falling at low energy. The energies of most constituent TDA phonons are about one MeV lower than the corresponding observed levels. It is, for instance, the case of the 5 − 1 shown in Table II . From this analysis we may draw the conclusion that it is necessary to improve the TDA description and, on the other hand, to generate the constituent phonons in an enlarged ph space in order to obtain a more realistic low-energy 1 − spectrum in the full EMPM calculation. By accomplishing these two tasks, one may also hope to improve the description of the E1 response in the region of the GDR.
V. CONCLUDING REMARKS
The calculation performed here can be considered a first promising application of the EMPM to the study of the E1 response in 208 Pb. Below the neutron emission threshold the computed spectrum compares fairly well with the measured one, apart from some important discrepancies concerning the energy of the lowest peak, which came out to be too low, and the strength of a single transition overestimated by the calculation. Serious discrepancies between theory and experiments appear also in the region of the GDR.
On the other hand, there is room for improving the description of the spectrum. A first step in this direction is dictated by the analysis of the results produced by the calculation. The constituent phonons of the two-phonon states are to be generated in a larger configuration space which includes all ph states of energy up to 3hω. This task is too time consuming but feasible, especially if a truncation of the two-phonon space can be achieved without any harm to the accuracy of the results. A calculation of this kind is under way. We should in parallel improve the TDA description of the low-lying states in order to push up in energy the lowest E1 peak.
Both steps induce a redistribution of the strength below and above the neutron decay threshold. They are therefore meant to (a) improve the description of the E1 response in the region of the GDR by shifting its peak at higher energy and enhancing its width, (b) refine the description of the lowlying E1 spectrum, and (c) establish to what extent the twophonon states, produced in large number, contribute to the fragmentation of the E1 strength in both low-energy and GDR regions.
A further step consists of including the three-phonon states. It is in fact necessary to check if, also in heavy nuclei like 208 Pb, their main effect is to shift the whole E1 spectrum down in energy. Their inclusion is in any case necessary for a consistent study of the isoscalar E1 giant resonance. This task is very challenging. It may be feasible only if it is possible to construct a severely truncated three-phonon space by a selection of a restricted set of TDA phonons. The selection criterion may be the energy and/or the collectivity of the TDA phonons. The problem is under investigation.
